The role of bond flexibility on the dielectric constant of water is investigated via molecular dynamics simulations using a flexible intermolecular potential SPC/Fw [Y. Wu, H. L. Tepper, and G. A. Voth, J. Chem. Phys. 128, 024503 (2006)]. Dielectric constants and densities are reported for the liquid phase at temperatures of 298.15 K and 473.15 K and the supercritical phase at 673.15 K for pressures between 0.1 MPa and 200 MPa. Comparison with both experimental data and other rigid bond intermolecular potentials indicates that introducing bond flexibility significantly improves the prediction of both dielectric constants and pressure-temperature-density behavior. In some cases, the predicted densities and dielectric constants almost exactly coincide with experimental data. The results are analyzed in terms of dipole moments, quadrupole moments, and equilibrium bond angles and lengths. It appears that bond flexibility allows the molecular dipole and quadrupole moment to change with the thermodynamic state point, and thereby mimic the change of the intermolecular interactions in response to the local environment.
I. INTRODUCTION
The properties of water have a key role in many biological, chemical, physical, and technical processes. The diverse, and sometime anomalous, thermophysical properties of water are well established experimentally. 1 In principle, any thermodynamic property can be predicted via molecular simulation 2 using a suitable intermolecular potential and many such potentials for water have been proposed. 3 Arguably, the dielectric constant (ε r ) or relative permittivity represents a very good test for the accuracy of an intermolecular potential because it is a property that incorporates both short and long-range spatial and orientational correlations. The dielectric constant is a state point dependent property of a substance, which mitigates the strength of Columbic interactions that would otherwise be experienced in a vacuum (ε r = 1). In contrast to both non-polar systems and other molecules with a similar, or indeed larger, dipole moment, water is known to have a high dielectric constant (e.g., ε r = 78.5 at 298 K). 4 This partly explains the efficacy of water as a solvent; Columbic interactions between ions dissolved in water are greatly reduced preventing conglomeration into a crystal.
The most common intermolecular potentials for water involve rigid bonds with intermolecular interaction obtained from a combination of Lennard-Jones interaction between the oxygen atoms and Columbic interaction between various partial charges distributed either on or near the oxygen and hydrogen atoms. At ambient conditions, the simple point charge SPC (Ref. 5) (ε r = 63 at 300 K) (Ref. 6 ) and extended SPC/E a) Author to whom correspondence should be addressed. A characteristic of many of these rigid body potentials is that they do not account for polarizability. The importance of polarizability in water is well known from earlier studies. 20 The addition of polarizability, such as in the SWM4-NNP (ε r = 79 at 298 K), 21 MCYna (ε r = 70.98 at 298 K) (Ref. 9) , and Gaussian charge polarizable model (GCPM) (ε r = 84.3 at 298 K) (Ref. 22 ) potentials results in improved predictions of the dielectric constant. Indeed, including polarizability in the force field of water is often considered necessary to improve the agreement with experiment for a wide range of properties and state points. Polarizable potentials approximate the effect of multibody interactions because the induced dipole of each molecule generates an electric field that affects all other molecules. However, polarizable potentials are generally much more computationally demanding than nonpolarizable potentials, 6, 22 which greatly restricts their use for many applications.
The use of bond flexibility is increasingly discussed as an indirect and computationally less expensive way of introducing some polarizability effects, [25] [26] [27] [28] [29] [30] resulting in better agreement with experiment for some properties of water. Yu and Gunsteren 31 identified three mechanisms for polarization arising from (a) electron redistribution, (b) changes in molecular geometry, and (c) molecule realignment in an electric field. Bond flexibility clearly impacts on the second of these three mechanisms. Early work of Dang and Pettitt 29 or Toukan and Rahman 30 showed that flexible versions of three-site water potentials accurately reproduced certain aspects of the vibrational motions of pure water. In a recent study, López-Lemus et al. 26 incorporated flexibility in the SPC/E potential and demonstrated that the calculated surface tensions and coexisting densities of water predicted by the flexible potential are closer to the experimental data than those of the rigid potential. The simple point charge flexible water SPC/Fw potential reported by Wu et al. 27 has resulted in a noticeable improvement in the accuracy of the viscosity, diffusion coefficient, and dielectric constant predicted at ambient conditions compared to the rigid SPC potential. In our earlier work, 28 we have shown that the flexible SPC/Fw potential also yields better predictions of saturation densities and the critical point than either the SPC or SPC/E potentials.
The use of flexible water potentials seems to be a promising alternative strategy for providing potentials that allow for the accurate simultaneous prediction of different properties. The aim of this work is to examine whether incorporating bond flexibility can be used to improve the prediction of the dielectric constant of water. In contrast to other work in the literature, which focuses mainly at ambient conditions, we are interested in examining the dielectric constant of water from ambient conditions up to supercritical temperatures and high pressures.
II. THEORY

A. Water potentials
In the SPC (Ref. 7) potential, the oxygen atom is represented as a partially charged Lennard-Jones bead, whereas the hydrogen atoms are simply represented by partial charges without any Lennard-Jones interactions. Water is modeled as a rigid molecule, with the relative positions of the three sites kept constant. The intermolecular interactions are calculated from
In their SPC/Fw potential, Wu et al. 26 added molecular flexibility to the SPC potential by accounting for intramolecular interactions,
The Lennard Jones parameters (ε OO /k B = 78.197, σ OO = 3.166 Å, where k B is the Boltzmann constant) and partial charges (q o = -0.82, q H = 0.41) in the SPC/Fw potential remain identical to those used in the SPC potential. The force constants (K r /k B = 532881.6 K Å −2 , K θ /k B = 38186.5 K rad −1 ) and the equilibrium bond length (r 0,OH = 1.012 Å) and angle (θ 0,HOH = 113.24
• ) were only optimized to reproduce best the experimental dielectric constants at ambient conditions. By comparing simulation results from the flexible SPC/Fw potential and the corresponding rigid SPC potential, we are able to investigate the effect of incorporating intramolecular degrees of freedom on the prediction of the densities, and dielectric constants of water. We also performed simulations for the rigid SPC/E potential 5 that uses the same geometry and Lennard-Jones parameters as the SPC potential, with the addition of a self-polarization energy correction that slightly increases the partial charges (q o = -0.8476, q H = 0.4238). This means our simulations can yield insights into the effect of introducing polarization via both (a) intramolecular degrees of freedom and (b) increasing the partial charges.
B. Simulation details
The molecular dynamics simulations were performed 32 in cubic boxes consisting of N = 400 molecules. The cutoff radius was set to 10 Å, and standard long-range corrections to the Lennard-Jones energy and pressure were applied for all potentials using usual tail corrections. 3 The Ewald sum was used to deal with the electrostatic interactions. The Ewald sum parameters were derived from an automatic parameter optimization, 32 which yielded a convergence parameter of 0.3208 Å −1 . The resulting k max parameter was 8 in almost all cases, except for the 298 K/200 MPa (k max = 7) and the 673 K/50 MPa (k max = 9) state point. The values for all models were the same, which means that results for the different models are not influenced by different Ewald parameters. The trajectories were integrated by the velocity-Verlet algorithm. For each temperature and pressure, the systems were equilibrated for 2 ns in the Nosé-Hoover NpT ensemble to relax the system to thermodynamic equilibrium. After equilibration, 10 consecutive production runs, each of 500 ps, were performed to determine the average density, using the standard block average technique. Time steps of t = 0.0005 ps for the flexible SPC/Fw potential and t = 0.001 ps for the rigid potentials SPC and SPC/E were used. During the NpT-simulations, the coupling constants for the thermostat and the barostat were set to τ T = 0.1 and τ π = 1.0. These simulations yielded the density of water at a given temperature and pressure.
To determine the dielectric constants, we performed additional simulations in the Nosé-Hoover-NVT ensemble with a time step of t = 0.001 ps and a coupling constant of τ T = 0.5 ps. The systems were again equilibrated for 2 ns at their averaged densities from the NpT-simulations, before performing production runs of 15 ns in the NVT ensemble, in which we saved the positions every 0.05 ps for further analysis. The dielectric constants was calculated from the fluctuation of the system's total dipole moment M = i μ i by
where the angled brackets denote ensemble averages.
III. RESULTS AND DISCUSSION
To extensively test the ability of the intermolecular potential to predict the dielectric constant, we performed simulations at both sub-critical temperatures (298.15 K and 473.15 K) and a super critical temperature (673.15 K) at pressures ranging from 0.1 MPa to 200 MPa. In performing these calculations, we were also able to determine the densities over these corresponding pressures and temperatures and the results are summarized in Table I .
A. Prediction of liquid and supercritical densities
The ability of an intermolecular potential to predict the pressure (p), temperature (T), and density (ρ) behavior of the fluid is an important requirement. At T = 298.15 K, p = 0.1 MPa, water has a density of 1 g cm −3 . The SPC/Fw (ρ = 1.0099 ± 0.0002 g cm −3 ), SPC/E (ρ = 0.9993 ± 0.0003 g cm −3 ) and SPC (ρ = 0.9830 ± 0.0041 g cm −3 ) potentials come close to matching the experimental value with a deviation ranging between -1.4% and 1.3%. This good agreement with experiment can be at least partly attributed to the fact that the intermolecular potentials are specifically optimized for this ambient temperature state point.
A more severe test for an intermolecular potential is to examine its behavior over a range of temperatures and pressures. To the best of our knowledge, a wide-ranging pTρ study for these potentials has not been reported. The only partial exceptions are calculations for the vapor-liquid coexistence densities, 2, 28 which by definition, terminate at the critical pressure of approximately 22 MPa. Horn et al. 34 have reported densities for water between 235.5 K and 400 K for several TIP potentials (TIP3P, TIP4P, TIP4P-Ew, TIP4P-Pol2, and TIP5P). Comparison with experimental data indicated that there were significant deviations from the measured densities. The results obtained for the various TIP potentials also differed substantially.
The calculated densities at different temperatures and pressures ranging from 0.1 MPa to 200 MPa are compared with experimental data 35 in Figure 1 and Table I . At 298.15 K (Fig. 1(a) ), the SPC/E potential yields very good agreement with experiment at all temperatures, whereas the SPC potential yields densities that are lower than the experimentally observed values. At both 473.15 K (Fig. 1(b) ) and 673.15 K (Fig. 1(c) ), the SPC/Fw densities are very close to the experimental values. Good, although slightly less accurate, agreement with experiment is also obtained for the SPC/E potential, whereas the SPC potential predicts densities that are substantially lower. From these comparisons, we can infer that introducing bond flexibility in the SPC/Fw potential has a similar effect on the prediction of the densities as the increase of the partial charges in the rigid SPC/E potential, namely to yield higher densities that are in better agreement with the experimental data. However, at elevated temperatures we also observe that both the SPC/Fw and the SPC/E potential increasingly underestimate the experimental densities. This is consistent with our previously reported simulation results 28 for the prediction of the saturated liquid densities by these potentials.
B. The dielectric constant
As previously noted, there are often discrepancies in the literature for the dielectric constant attributed to an intermolecular potential. For example, at 292 K, the dielectric constant of the MCY potential was reported 13 as ε r = 34, whereas a more recently obtained 9 value at the slightly higher temperature of 298 K is ε r = 57.30. As discussed in Ref. 9 , the source of such discrepancies has not been adequately resolved. However, it is now accepted that long simulation runs are required for the dielectric constants to converge, which may be a source of error in some earlier studies with limited computational resources. The importance of allowing for sufficient time for convergence is illustrated in Fig. 2 , which compares the running ensemble averages of the dielectric Prior to examining the different potentials over a wide range of temperatures and pressures, we checked the reliability of our simulations by comparing our results with corresponding data from literature at 298.15 K and 0.1 MPa. Our value (ε r = 78.1 ± 1.6) for the SPC/Fw potential is also consistent with a previously reported 27 value (ε r = 79.63 ± 1.62) within the range of uncertainties. For both, the SPC and the SPC/E potential, the reported simulations for the dielectric constants 8, 9, [36] [37] [38] [39] at ambient conditions in the literature vary significantly. This can be attributed to different treatments of the long range cutoff as well as to different, and possibly inadequate, simulation lengths. 9 Our result (ε r = 69.7 ± 1.6) for the dielectric constant of the SPC/E potential at 298.15 K and 0.1 MPa lies in the range of reported data varying from 63.7 (Ref. 6) to 76.7. 23 It is also in good agreement with values given by Svishchev et al. 38 and Höchtl et al. 37 The reported simulation results for the ε r of the SPC potential vary between 54 and 72 (Ref. 40 ) and again, our result (ε r = 63.2 ± 0.9) lies within this range. The good agreement between our results at ambient conditions and values from literature for all potentials gives us confidence that our simulations can also provide reliable predictions at elevated pressures and temperatures that have rarely been studied by molecular simulation.
Results obtained for the dielectric constant at elevated temperatures and pressures are summarized in Table I and comparisons with experimental data 35 are given in Figure 3 . At 298.15 K (Fig. 3(a) ) and 473.15 K (Fig. 3(b) ), the dielectric constant predicted by the SPC/Fw potential almost coincides with the experimental data at some pressures. In contrast, the dielectric constant is noticeably under predicted by both the SPC/E and SPC potentials, with the SPC potential yielding a typical discrepancy of greater than 15%. The results for the SPC/Fw potential at 673.15 K (Fig. 3(c) ) start to display small under predications but the accuracy is nonetheless acceptable. In this case, the quality of the predictions for the SPC/E potential is of similar accuracy whereas the inaccuracy of the SPC potential is typically greater than 20%. It is apparent from the above comparison that introducing bond flexibility in the SPC/Fw potential considerably improves the prediction of the dielectric constant by correcting for the under prediction in the rigid SPC potential. The increase of the partial charges in the rigid SPC/E also yields higher values for the dielectric constants, which is most effective at supercritical temperatures (Fig. 3(c) ). These observations are in agreement with the findings of Wasserman et al. 36 that the SPC/E potential can only be used to predict the dielectric constant of water at densities up to 1 g cm −3 , whereas it tends to yield ε r values that are too low at higher densities. The SPC/Fw potential however gives a very good reproduction of the experimental dielectric constants over the entire range of temperatures and pressures studied here, with an averaged deviation from the experimental values of 0.9% in the liquid and 3.1% in the supercritical phase. This suggests that the SPC/Fw potential could be very useful for studies of electrolyte solutions.
C. Impact of flexibility
Introducing bond flexibility in the SPC/Fw potential means that the dipole moment can vary in response to the thermodynamic state point. Figure 4 shows the absolute values of the molecular dipole moments of the SPC/Fw potential as a function of both temperature and pressure. For comparison, the dipole moments for the SPC and SPC/E fluids are μ SPC = 2.274 D and μ SPC/E = 2.352 D, respectively, at all temperatures and pressures. It is apparent from this comparison that bond flexibility increases the molecular dipole moment, which may in turn result in a higher system dipole moment and higher values for the dielectric constants. Figure 4 also indicates that bond flexibility allows the molecular dipole moment to change with the thermodynamic state point, and thereby mimic the change of the intermolecular interactions in response to the local environment. This observation supports other studies 26, 41 that have concluded that introducing flexibility transforms a rigid water potential into a polarizable potential, in agreement with the geometric polarization mechanism identified by Yu and van Gunsteren 31 as discussed above.
We determined the equilibrium geometry of the SPC/Fw fluid at different state points. Namely, the high density liquid phase at 298.15 K at both 0. • , Q T = 2.062 D Å). The "quadrupole moment" (Q T ) at these states was calculated from the following relationship
where 2 is the H-O-H angle.
The results show that the equilibrium bond lengths (r OH ) of the SPC/Fw fluid at the various states are significantly larger than both the model's parameter (r 0,OH ) and also that of the bond length of the rigid SPC potential with r OH = 1 Å. However, the equilibrium the H-O-H bond angles are remarkably smaller than the bond angle potential parameter for both the SPC/Fw ( 0,HOH = 113.24
• ) and the rigid SPC and SPC/E potentials ( 0,HOH = 109.47
• ). Both the elongation of the equilibrium O-H bonds and the smaller equilibrium bond angles contribute to the larger molecular dipole moments of the flexible SPC/Fw potential compared to the rigid SPC potential with the same point charges. The change in the geometry at the different state points also leads to a change in the strength of the quadrupolar interactions. The molecular quadrupole moments of the SPC/Fw potential are larger than the values obtained for either the SPC potential (Q T,SPC = 1.969 D Å) or the SPC/E potential (Q T,SPC/E = 2.0368 D Å). In the optimization of their SPC/Fw potential, Wu et al. 27 studied the influence of the bond angle and bond length on the dielectric constant at ambient conditions, and observed that this property is strongly sensitive to bond angle changes. This influence appears to be reflected in our calculations. The equilibrium bond lengths of the SPC/Fw potential contract with increasing temperature (i.e., decreasing densities, states II-IV), whereas the equilibrium bond angles expand, both leading to a decrease of the molecular dipole moment. However, whereas the decrease of the equilibrium bond length lowers the quadrupole moment, the expanding H-O-H angle increases it. In the liquid phase (states I, II, and III) both effects nearly balance each other, so that there is little change to the quadrupole moments of the SPC/Fw potential. The decrease of the molecular dipole moment with increasing temperature results in lower dielectric constants from the SPC/Fw potential whereas the slightly smaller quadrupole moments counteract it. In the supercritical phase at 673.15 K (state IV), the increase of the quadrupolar interaction with the expanded bond angle is more pronounced than its decrease with the smaller equilibrium O-H bond. In state IV both effects, the smaller dipole moments and the higher quadrupole moments, lower the dielectric constants of the SPC/Fw potential as a result of reduced dipole-dipole correlations.
27
IV. CONCLUSIONS
The flexible SPC/Fw potential by Wu et al. 27 yields very good agreement with experiment for dielectric constants over the entire range of state points, and it is superior to all other potentials studied in this work. We found that the SPC/Fw potential show elongated equilibrium O-H bonds compared to the rigid potential, whereas the equilibrium bond angle decreases below the value of the SPC or SPC/E potential. Both effects result in higher molecular dipole moments of the flexible SPC/Fw potential compared to the SPC potential with the same point charges. When the temperature is increased (i.e. at decreasing densities), the O-H bonds of the flexible potentials slightly contract but remain elongated compared to the rigid potentials. In contrast, the equilibrium H-O-H bond angles increase with temperature. The changes in geometry in response to the thermodynamic state point allow both the molecular dipole moment and the quadrupole moment to vary.
The introduction of bond flexibility improves the calculation of both the dielectric constant and density over a wide range of state points. The increase in the density is probably mainly attributed to bond length elongation, whereas the dielectric constant is sensitive to changes in the equilibrium bond angle, due to its impact on both the molecular dipole and quadrupole moment.
